The Equivalence Theorem:

Renormalizability of Nonrenormalizable Theories?

Marco Picariello^a

Dipartimento di Fisica, Università di Milano via Celoria 16, 20133 Milano, Italy and INFN, Sezione di Milano

amarco.picariello@mi.infn.it

Contents

Introduction The Equivalence Theorem BRST formalism Classical Slavnov-Taylor (ST) identities Fields transformations Local and non local transformation Beyond tree level Restoring the quantum ST identities ST operator cohomology and doublets An example U(1) gauge theory and the mass Conclusions

Introduction

Classical Action S → Quantum Action Γ Path integral and Field redefinition: Z[J] ∝ ∫ Dφe^{iS0[φ]+i ∫}x^{Jφ} ⇓ φ is a dumpy variable ⇓ φ → Φ(φ, ρ) should be a good redefinition ⇓ Z̃[J] ∝ ∫ DφeiS0[Φ(φ,ρ)]+D(φ,ρ)+i^∫_x JΦ(φ,ρ) Weak Equivalence Theorem

Introduction

Classical Action S → Quantum Action Γ Path integral and Field redefinition: Z[J] ∝ ∫ Dφe^{iS0[φ]+i ∫}x^{Jφ} ⇓ φ is a dumpy variable ⇓ φ → Φ(φ, ρ) should be a good redefinition ⇓ Z̃[J] ∝ ∫ DφeiS0[Φ(φ,ρ)]+D(φ,ρ)+i^∫_x Jφ Strong Equivalence Theorem

Introduction

Classical Action S_0 → Quantum Action Γ Path integral and Field redefinition: Z[J] ∝ ∫ Dφe^{iS0[φ]+i ∫}x^{Jφ} ⇓ φ is a dumpy variable ⇓ φ → Φ(φ, ρ) should be a good redefinition ⇓ Z̃[J] ∝ ∫ DφeiS0[Φ(φ,ρ)]+D(φ,ρ)+i^∫_x JΦ(φ,ρ) Weak Equivalence Theorem

Weak Equivalence Theorem

The S-matrix obtained from Z[J] ∝ ∫ Dφe^{iS0[φ]+i ∫}x^{Jφ} is the same as the one obtained from Z[J] ∝ ∫ Dφe^{iS0[Φ(φ,ρ)]+D(φ,ρ)+i ∫}x^{JΦ(φ,ρ)}

Strong Equivalence Theorem

The following equalities hold true: ∫ DΦ ( ∏_n i=1 O_i(Φ(x_i)) ) e^{iS0[Φ]} ‖ ∫ Dφ ( ∏_n i=1 O_i(Φ(φ, ρ)(x_i)) ) e^{iS0[Φ(φ,ρ)]+D(φ,ρ)}

Classical Formalism Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]

e^{iS0[χ]+} ∫ x B(χ−Φ(φ,ρ))+ ∫ x c̄ (_{δΦ} δφ c+^{δΦ}_{δρ} ψ )

Notice: detJ = ∫ [Dc̄][Dc]e^{c̄J c} = ∫ [Dc̄][Dc]e^{c̄(J c+ξ)} Under the following transformations:

sφ = c , sc̄ = B , sρ = ψ , sχ = 0 , sc = 0 , sB = 0 , sψ = 0

Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]e^{iS0[χ]+s ∫x c̄(χ−Φ(φ,ρ))} At classical level:

S(Γ^{(0)}) ≡ ∫ x c δΓ^{(0)} δφ + ∫ x B δΓ^{(0)} δc̄ + ψ ∂Γ^{(0)} ∂ρ = 0

Classical Formalism Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]

e^{iS0[χ]+} ∫ x B(χ−Φ(φ,ρ))+ ∫ x c̄ (_{δΦ} δφ c+^{δΦ}_{δρ} ψ )

Notice: detJ = ∫ [Dc̄][Dc]e^{c̄J c} = ∫ [Dc̄][Dc]e^{c̄(J c+ξ)} Under the following transformations:

sφ = c , sc̄ = B , sρ = ψ , sχ = 0 , sc = 0 , sB = 0 , sψ = 0

Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]e^{iS0[χ]+s ∫x c̄(χ−Φ(φ,ρ))} At classical level:

S(Γ^{(0)}) ≡ ∫ x c δΓ^{(0)} δφ + ∫ x B δΓ^{(0)} δc̄ + ψ ∂Γ^{(0)} ∂ρ = 0

Classical Formalism Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]

e^{iS0[χ]+} ∫ x B(χ−Φ(φ,ρ))+ ∫ x c̄ (_{δΦ} δφ c+^{δΦ}_{δρ} ψ )

Notice: detJ = ∫ [Dc̄][Dc]e^{∫x c̄J c} = ∫ [Dc̄][Dc]e^{∫x c̄(J c+ξ)} Under the following transformations:

sφ = c , sc̄ = B , sρ = ψ , sχ = 0 , sc = 0 , sB = 0 , sψ = 0

Z[J] ∝ ∫ [Dφ][Dχ][DB][Dc̄][Dc]e^{iS0[χ]+s ∫x c̄(χ−Φ(φ,ρ))} At classical level: S ( Γ^{(0)} ) ≡ ∫ x c δΓ^{(0)} δφ + ∫ x B δΓ^{(0)} δc̄ + ψ ∂Γ^{(0)} ∂ρ = 0

The locally invertible case

Classical level

Φ(φ, ρ) locally invertible ⇓ Eq. of Motion for c ⇒^{δΦ}_{δφ} c +^{∂Φ}_{∂ρ} ψ = 0 ⇕ sφ = c = − (_{δΦ} δφ )_{−1 ∂Φ} ∂ρ ψ We end up with:

Γ̃^{(0)}[φ, ρ, ψ, φ^∗, β] = S_0[Φ(φ, ρ), β] + ∫ x φ^∗sφ and at classical level:

S̃(Γ̃^{(0)}) ≡ ∫ x δΓ̃^{(0)} δφ^∗ δΓ̃^{(0)} δφ + ψ ∂Γ̃^{(0)} ∂ρ = 0

The Quantum Action Principle

Proposition 1 Let Γ be the vertex functional corresponding to a power-counting renormalizable theory with a classical action given by

Γ^{(0)} = ∫ x L(ϕ_a, ρ_i, λ) where ϕ_a=fields, ρ_i=sources. Then Equation of Motion δΓ δϕ_a = Δ_a · Γ = ℏ^nΔ_a + O(ℏ^{n+1})

Non linear variation δΓ δρ_i δΓ δϕ_A = Δ_{ai} · Γ = ℏ^nΔ_{ai} + O(ℏ^{n+1})

where Δ are local operator of bounded dimensions.

The Quasi Classical Action Principle

Proposition 2 Let Γ be the vertex functional corresponding to a theory with a classical action given by Γ^{(0)} = ∫ x L(ϕ_a, ρ_i, λ) where ϕ_a=fields, ρ_i=sources. Then Equation of Motion δΓ δϕ_a = ℏ^nΔ_a + O(ℏ^{n+1})

Non linear variation δΓ δρ_i δΓ δϕ_A = ℏ^nΔ_{ai} + O(ℏ^{n+1})

where Δ are local operator (formal power series).

The locally invertible case

Quantum extension

Lemma 1 Given the classical action Γ̃^{(0)}[φ, ρ, ψ, φ^∗, β] = S_0[Φ(φ, ρ), β] + ∫ x φ^∗sφ then at quantum level

S̃(Γ̃) ≡ ∫ x δΓ̃ δφ^∗ δΓ̃ δφ + ψ ∂Γ̃ ∂ρ = 0 Recursive proof:

S̃(Γ̃)(j) = 0 , j < n

S̃(Γ̃)(n) = Δ QCAP ⇒ Δ local power series F P (Δ) = +1

Nilpotence: S̃^2 = 0 ⇓ Wess-Zumino consistency condition:

S̃_0(S̃(Γ̃)(n)) ≡ (∫ x δΓ̃^{(0)} δφ^∗ δ δφ + ψ^∂_{∂ρ} ) Δ = 0

The locally invertible case

Quantum extension

Cohomological analyses of Δ

F P (Δ) = +1 F P (ψ) = +1 F P (φ) = 0

⇒ Δ|_{ψ=0} = 0

(ρ, ψ) doublet under S̃_0 Δ|_{ψ=0} = 0

⇒ Δ ≡ S̃_0(Ξ)

By adding Ξ (of order ℏ^n) to Γ̃ we obtain: S̃(Γ̃)^{(n)} = 0

Q.E.D.

General case

Quantum extension

Lemma 2 Given the classical action Γ^{(0)} = S_0[χ] + ∫ x B(χ − Φ(φ, ρ)) + ∫ x c̄ ( δΦ δφ c + δΦ δρ ψ ) + ∫ x βO(χ) then at quantum level

S (Γ) ≡ ∫ x c δΓ δφ + ∫ x B δΓ δc̄ + ψ ∂Γ ∂ρ = 0 Recursive proof:

S (Γ)^{(j)} = 0 , j < n S (Γ)^{(n)} = Δ QCAP ⇒ Δ local power series F P (Δ) = +1

General case

Quantum extension

Cohomological analyses

Nilpotence: S̃_0^2 = 0 ⇓ Wess-Zumino consistency condition:

S_0(S (Γ)^{(n)}) ≡ (∫ x c^δ_{δφ} + ∫ x B^δ_{δc̄} + ψ^∂_{∂ρ} ) Δ = 0

One can find the homotopy K such that S̃_0KX = X ⇔ S̃_0X = 0

⇒ Δ ≡ S (Ξ)

By adding Ξ (of order ℏ^n) to Γ we obtain: S (Γ)^{(n)} = 0 Q.E.D.

Conclusions

Equivalence Theorem

How to use it Transformation:

Locally invertible Non Locally invertible ⇓ ⇓ On-shell Off-shell ⇓ ⇓ S_0[Φ(φ, ρ)] S_0[χ] + ∫ x B(χ − Φ(φ, ρ)) + J ⇑

QAP QCAP ⇑ + Standard S_0 Non Standard S_0

References

[1] R. Ferrari, M. Picariello and A. Quadri, Work in progress.

[2] P.Piguet and S.P.Sorella, Lecture Notes in Physics m28, Springer-Verlag (1995). Y.M.P.Lam, Phys. Rev. D6 (1972) 2145, Phys. Rev. D7 (1973) 2943; J.Lowenstein, Comm. Math. Phys. 24 (1971) 1; P.Breitenlohner and D.Maison, Comm. Math. Phys. 52 (1977) 11, 39, 55; etc.

[3] C.Becchi, A.Rouet and R.Stora, Phys. Lett. B32 (1974) 344; L.V.Tyutin, Lebedev preprint FIAN n.39 (1975). G.Curci and R.Ferrari, Il Nuovo Cimento 35A (1976), 273; T.Kugo and I.Ojima, Phys. Lett. B73 (1978) 459.

[4] J.Zinn-Justin, Springer-Verlag, Berlin 1975. J.Wess, B.Zumino, Phys. Lett. B37 (1971), 95.

[5] M.Picariello and A.Quadri, hep-th/0001174